In this paper, a simple definition of robustness of asymptotic stabilizers with respect to modeling errors is adopted. Two theorems giving sufficient conditions for the non-robustness of continuous homogeneous p exponential stabilizers are then stated; the first one applies to systems that may contain a drift term, while the second one concerns driftless systems. One of the consequences of these results is that for chained form systems, no continuous homogeneous pexponential stabilizer (several of which exist in the literature) can be robust in the sense defined herein. Two examples illustrate applications of these results.
Introduction and Motivation
The notions of homogeneity and of homogeneous approximation of a vector field play an important role in the design of exponential stabilizers for systems with non-stabilizable linearization (wheeled mobile robots, underactuated satellite,. . . ). These systems do not satisfy Brockett's necessary condition for stabilization to a point by continuous feedback. In order to circumvent this topological obstruction, several feedback strategies have been devised. Roughly speaking, these may be categorized in three large classes: (a) continuous timevarying feedback, (b) discontinuous feedback and (c) hybrid feedback. In this paper we are interested exclusively in the first class. In addition to being continuous, the earliest time-varying stabilizers were diflerentiable. It soon appeared, however, that this extra regularity in the feedback functions led to slow (i.e., nonexponential) convergence rates for most of the solution trajectories. Furthermore, it was shown in [l] that exponential stabilization to a point cannot be achieved by means of differentiable feedback, and in [2] that exponential convergence cannot be achieved unless one uses feedback laws which are not Lipschitz (only Holdercontinuous) at the point to stabilize. This explains in part the role of homogeneity, along with "normalization" by a homogeneous norm, in the stabilization of such systems. Indeed, Holder-continuous homogeneous stabilizers ensuring exponential convergence were intro- 
with bl(z) = d/dz1 + zsd/dzz and b2(z) = d/dzs. Let us f k the weight vector r := (1,2,1) (for a review of terminology, cf. Section 2). Then bl and b2 are rhomogeneous of degree -1 (we often write "hom. deg.
d" instead of "T-homogeneous of degree cl"). In order to pexponentially stabilize the origin of (2), it is easy to construct an r-homogeneous feedback law w = cr(z, t)
each of whose components is hom. deg. 1 and nondifferentiable at (0) x R (e.g. [7] ). from [4] , we deduce the existence of a differentiable r-homogeneous Lyapunov function V for the closed-loop system. Now let us return to the perturbed system. By applying the same r.s.s.f. to (1) (E # 0) we get
with go(z) = -sin(e)z3d/dzl, g1(z) = (COS(&) - A natural question is: If this perturbed system is controlled via the same feedback v = a(z, t) as above, will the origin still be asymptotically stable? Since a modeling error like E (among many others, possibly of different nature) is probable in practice, one expects from this controller some 'tobustness" in the sense that it achieves the required goal whenever I E~ is small enough.
To take a closer look, we first note that for i = 0,1,2, the perturbation gi is of class C", is hom. deg. -2 , and tends to zero as E -+ 0. In closed-loop, the nominal terms yield a degree 0 vector field, whereas the terms goal and g1a1 are hom. deg. 1 and 0, respectively. Using the Lyapunov function V , one easily verifies that if only these two perturbations are added, the local asymptotic stability of the origin is preserved for I E~ sufficiently small. What about the term g2a1? Since this has the lowest degree (-1), it will be dominant in a sufficiently small neighborhood of the origin, so it is likely to affect the stability of the latter. As we shall see, this is indeed the case.
Basically, the results in this paper state sufficient conditions for perturbations like g2 to have a destabilizing effect. Although not overly surprising, these results have interesting consequences; for instance, it follows from Theorem 3 that, however small the unknown perturbation 1 .
1 > 0 is, any continuous homogeneous p exponential stabilizer for (2) causes the origin of (1) to be unstable in the sense of Lyapunov'.
To finish this section, let us insist on the smoothness of go + g1 + g2 and on the fact that, by adding these perturbations, the essential structure of (2) i s not modified, i.e., (l), (2) and (3) are locally equivalent up to regular static state feedback. Indeed, when E is known, (1) can be locally transformed into (2) (8)).
Review of Terminology
We focus on control-affine systems in the form an extra parameter; e.g. if f : R" x R + R, then 4% f (a, t) = f(4-'(.), t), Vt E R Although the following discussions are local, for conciseness we do not specify the domains where the mappings are defined unless this is needed in the proofs. The C"(IW")-algebra of smooth vector fields in R" is denoted by Xw(Rn). Given X c X"(Rn), Lie(X) denotes the Lie sub-algebra of Xm(Rn) generated by the elements of X . We also set Lie(X)(O) := span(X(0) : X E Lie(X)}. Given f E Co(R" x R), q E R and A., let For a vector field X as above, " X = o(p4)" is short
. . , 1) we write 1.14 instead of pQ (e.g. f = o(l . 14)).
Consider system (4) and assume that a local coordinate For K > 0 and p E R", we set S"-l := {z E R" : llzll = 1) and B,(p) := {x E E" : 1 1 2 -plJ < K } .
For i = 1,. . . , n, e, E R" has 1 at the i-th entry and zeroes elsewhere. The interior and the boundary of a set A c R" are denoted by Int(A) and dA, respectively.
Definitions
Even though robustness, as considered in this paper, might be cast in the framework of structural stability (cf. [12, Ch.3]), we shall not pursue this approach here.
Instead, we will consider a nominal system to which admissible perturbations are added to yield a family of perturbed systems. Then, roughly stated, a feedback law is called robust if it is asymptotically stabilizing for the nominal system and for all systems obtained from the nominal one by the addition of small enough admissible perturbations. More precisely:
Definition 1 An admissible p e r t u r b a t i o n is a smooth mapping g : R x R" 4 TR" , such that g(0, .) = 0. In particular, g(E, .) E Xm(Rn) for every E E R. 
is locally asymptotically stable for every E E [-&o,Eo] .
This definition of perturbation is suitable to represent some classes of unmodeled phenomena, but it is admittedly imperfect in the sense that it does not adapt to more general error sources (unmodeled higher-order dynamics, state measurement errors, timing errors, etc.).
Concerning the feedback laws, we focus on continuous homogeneous p-exponential stabilizers, which we define below after recalling a definition. Given A., consider the system
"). (6)
For $0 E R" and to E R, x(.) denotes a solution to (6) such that x(t0) = ZO. In what follows, we assume that these solutions exist for t 2 to. The 
, m). If the on'-gin of (5) with U = a ( z , t ) is p-exponentially stable, then so is the origin of (4) with U = a(+(x), t ) .

Definition 3 A feedback a as in Theorem 1 is called a continuous homogeneous p-exponential stabilizer (OT briefly, a C.H.p-E. stabilizer) f o r (4) and (5).
Theorem 1, which is fundamental in the construction of homogeneous pexponential stabilizers through the use of homogeneous approximations, implies that CY is '5-0-bust" to the addition of perturbations of strictly positive degree (such as the ones added in the passage from the approximation (5) to the original system (4)). Nevertheless, as discussed in Section 1, the origin may become unstable when the perturbing terms are of negative degree, and the main contribution of this paper consists in pointing out conditions under which this may happen.
Main Results
We first state and prove Proposition 1, a key element in the proof of Theorem 2. This proposition is an extension of the results usually referred to as the Lyapunov-
Chetaev instability theorems (see e.g. [SI).
Proposition 1 Consider system (6) 
(7)
Then the origin x = 0 of (6) 
+ ( z ) := p (~) A ; ,~(~) ( z ) .
Let W ( z , t ) := (bo + ho)(z) + CF=l(bk + h k ) ( z ) a k ( z , t ) (i.e.,
( z , t ) + g p ( E , z ) a p ( z , t ) is given in y-
coordinates by that x ( t ) cannot reach d A for any t E 7. Therefore, eiof a half solid with vertex at 0 and axis all t E 7. Suppose the latter is the case. Then (7)
and so, by the comparison
The continuity of v and the assumption V ( 0 ) = 0 im-
properly contains a neighborhood of the origin and Then VIA > 0 and V l a~ = 0. The time-derivative of V along solutions to (9) is n av are hom. deg. -rq + 1 whereas &ap is hom. deg.
-dp. Therefore, VZ is hom. deg.
For Y # 0, let us write V ( y , t ) = IIvIId(vl(y,t)/IIyIld -+ 
V2(y, t)/llylld
Furthermore, using the definition of V , it is straight-
for y E A. Putting all this together we conclude that
. Therefore, by application I of Proposition 1, the origin of (9) Remarks (1) In the statement of Theorem 3, no assumption is made on the homogeneity of (4); in other words, this result is independent of the homogeneous approximation ( 5 ) used to construct the feedback. Accordingly, the evaluation of (11) does not require the construction of any homogeneous approximation. (2) It is well known that when the linearization k = Cy=l X k ( O ) u k of the driftless system is controllable, there exist linear feedback controllers that ensure local exponential stability of the origin. It is easy to check that such controllers are robust in the sense defined above. Condition ( l l ) , which implies that the linearization is not controllable, excludes systems of this class from the scope of Theorem 3. Sketch of Proof. Consider any homogeneous approximation ( 5 ) (bo = 0) and any C.H.p-E. stabilizer a for (4). After an eventual permutation of the coordinates, we may suppose that the weight vector T , associated with (5), satisfies r1 < . . . < r,. Also, we define S := {bl, . . . , bm}. We will prove that Q satisfies condition (8) Notice that, by setting r := (1, a+n-2, a+n-3,. . . ,a), (U 2 l), b1 and b2 are hom. deg. -1 and -a, respectively. Moreover, this system is locally controllable since Lie({bl, b2})(0) = ToIWn. Thus, (2) can be seen as its own homogeneous approximation. We see that for p = 1,2, Lie({bl, b2}\bp) is spanned by a single vector field, so dimLie({bl,b2)\bp)(O) 5 1 < n -1. Hence, the assumptions of Theorem 3 are satisfied. Therefore, no C.H.p-E. stabilizer for (2) is robust in the sense of Definition 2. The same conclusion holds if the C.H.pE. stabilizer is constructed from a chained form approximation of the original system. Note that such an approximation may exist even when the original system itself cannot be transformed into the chained form, as illustrated in [17] . By applying Theorem 3 again, one concludes that the feedbacks in [17] are not robust.
